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Introduction 

A s  a r e s u l t  of intrabeam sca t te r ing ,  the bunches i n  RHIC w i l l  f i l l  the en- 

t i r e  bucket during the normal operation period. It follows tha t  i n  analyzing 

the related r f  problems the f u l l  nonlinear theory is  required. 

l i t e r a t u r e ,  the nonlinear solutions were obtained by numerical integration. 

In  the per t inent  

1-3 

For s ta t ionery buckets the integrat ion can be carr ied out leading t o  ana ly t ica l  

expressions. 4 In  the present note,  these expressions a re  rederived and used 

to  produce numerical tables .  

Synchrotron osc i l l a t ion  equations 

The equations of synchrotron osc i l l a t ions  can be derived from the 

Hamiltonian 

i n  the canonically conjugate energy var iable  w and posi t ion var iable  4, which de- 

scr ibe the motion around the synchronous pa r t i c l e  (subscr ipt  s ) .  

Following def in i t ions  apply: 
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and 

w, = c/Ro 

wrf = h B w, 

1 1 
r l =  - - -  

Y2 
, 2  
Ytr 

AE = energy deviationlamu 

A = atomic mass unit 

Q = charge state 

Eo = rest mass/amu. 

The stationary bucket is defined by sin@s = 0 leading to 

The phase space trajectories are given by H = constant, 

with the constant N known as the Cole-Morton parameter. 

(N = 1) is given by 

The bucket half height 

or, in terms of energy, by 
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The dimensions of a p a r t i a l  bucket (0 < N < 1) a re  

Half-height w N = h w ,  

Half-width $N = 2 a rc s in  hi 

s * 2  f i  fo r  N <e 1 

Bunch ha l f  height and bucket ha l f  height a re ,  therefore ,  re la ted  by 

The s ta t ionary  bucket factor  

The phase space area/amu of a p a r t i a l  bucket is  given by 

- - wB @N ( N  - ~ i n ~ $ / 2 ) ~ ’ ~  d$ 

By means of the coordinate transformation 

and the usual def in i t ion  f o  the s ta t ionary bucket factor  

one f inds 

‘(1-x 2 1 / 2  
dx 2 1 /2  0 (1-Nx 

= (N-1) K(N) + E(N) 
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with K(N) and E(N) the complete elliptical integrals of the first and second 

kind. 

In the small-amplitude limit 

Tr 
NJ' 2 Ct J' - N  N << 1 

Furthermore lim aN = 1 
N-tl 

Sychrotron oscillation frequency 

The period of one synchrotron oscillation 

is obtained by integration of 

where the small-amplitude synchrotron oscillation frequency is anticipated, with 

From 

f 0 1 lows 

4 



and finally 

I T Q  

2 K(N) 
0 a =  

In the small amplitude approximation 

for N << 1 

as expected. 
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